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Abstract

How many times do we find ourselves stumped by a common game, puzzle, or maze
and unable to solve it? We all like to play games, but how often do we think of
using mathematics to help us strategize our playing? What kind of advanced math-
ematics can we use on puzzles? Games and puzzles have been the subject of much
mathematical inquiry over the years. Using the tools of graph theory, combina-
torics, and probability and statistics, we will investigate one popular puzzle, the KO
Labyrinth. This puzzle, which mechanically moves like a Rubix cube, involves moving
a ball through a maze consisting of various colored chambers that can be rotated and
aligned in different ways. Some questions we will explore include: What is the fastest
way (shortest path) out of the labyrinth? How long will it take to get out of the maze
if we randomly move from one chamber to another? Can we visit every chamber only
once? What can we say about the colors of the chambers? We will quickly see that
mathematics is a powerful tool for answering such questions.
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CHAPTER 1

Introduction

1.1. Just a game?

Games, puzzles, and mazes all have a natural appeal to us. Kicking in our compet-
itive and survival instincts, each of us is moved to use whatever tools at our disposal,
be it strength, speed, or wits, to work our way to a solution. We want to see what is
possible, to figure out how the pieces fit together, how one action might affect another,
or perhaps what is the fastest way to the finish line. We sometimes find ourselves
stumped, stuck, and losing, but even in the face of defeat we often still love playing
the game. The question, though, that we must first ask ourselves is this: What does
this all have to do with mathematics?

Perhaps many people do not initially think of mathematics when solving puzzles,
but in reality games and puzzles have been the subject of much mathematical inquiry
over the years. For those of us who become excited rather than anxious when we
hear the word “math,” games and puzzles are friendly when they might otherwise
seem difficult and confusing. One puzzle in which this is certainly the case is the
KO Labyrinth, a spherical maze that is the subject of this thesis project. Using the
tools of graph theory, combinatorics, programming, and probability and statistics, we
will explore the KO Labyrinth in detail to see that mathematics is a powerful tool in
puzzle-solving.

Let’s play.

1.2. The KO Labyrinth

1.2.1. Description: We start with a description of the basics of the puzzle we
will explore, the KO Labyrinth, as shown in Figure 1 on the next page.

The KO Labyrinth is a spherical puzzle with 26 chambers that can be twisted and
rotated around like one can manipulate a Rubix cube. However, the goal of the KO
Labyrinth is very different than the goal of the Rubix cube. Rather than matching
colored sides, solving the Labyrinth involves successfully maneuvering through a maze.
On the top of the KO Labyrinth, we find an entrance hole; on the bottom, there is an
exit hole. On the walls of the chambers there are many other holes that might align
based on the current configuration of the puzzle. The goal of this puzzle is to pass
two small balls from the first chamber with the entrance hole, through the maze, and
to the last chamber with an exit hole.

1.2.2. The chambers: There are three different types of chambers in our puzzle,
each labeled accordingly.

1



1.2. THE KO LABYRINTH 2

Figure 1. The KO Labyrinth

• A chambers. These are triangular rooms that are the “corners” of our
sphere, if we were to think of the sphere like the Rubix cube. There are 8
such chambers, labeled A1−A8. Observing how the walls of these chambers
align with other chambers around it, we notice that A chambers connect only
to B chambers.1

• B chambers. These are rectangular rooms that are middle pieces. There
are 12 such chambers, labeled B1 − B12. We notice that B chambers can
connect to both A and C chambers.
• C chambers. These are square rooms in the center of each “face” of our

sphere. There are 6 such chambers, labeled C1 − C6. We notice that C
chambers connect only to B chambers.

Within the chambers, each wall that has a hole is also colored. The colors are
important–when we rotate the puzzle and try to match up the walls of different
chambers so that the holes align, we notice that all matching walls share the same
color. We note, however, that not all walls of the same color match. The colors used
are orange, blue, red, purple, pink, yellow, gray, and green. The specific color of a
wall only matters when matching with another wall of the same color. See Appendix
7.1 for full list of the specific colors in each chamber.

Chambers B9 and C4 both have knobs around their respective colored hole that
do not allow the ball the roll freely in the chamber. While it may be creatively
confusing for the player, for our purposes we will say that if the ball is inside the
knob, it is effectively inside the chamber.

Now that we know a little about our puzzle, we are ready to introduce some of
the basic mathematics we will use to explore the KO Labyrinth.

1There are a few unintentional exceptions, but we will disregard these.
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1.3. Preliminary Information

1.3.1. Graph Theory: The field of graph theory first began with a paper in
1736 by Leonhard Euler on the Seven Bridges of Königsberg. The city of Königsberg
was set on both sides of the Pregel River. It included two large islands connected to
each other and to the mainland by seven bridges. Euler asked if it was possible to
walk through the city and cross each bridge once and only once. His proof that the
problem has no solution laid the groundwork for graph theory. More than a century
later, Cayley studied a particular class of graphs, called trees. Many problems of
practical interest can be represented by graphs, and so the uses and applications of
graph theory are wide. For example, the development of algorithms on graphs is of
particular interest in computer science, and graphs can be used to study molecules in
chemistry and physics.

Since we will soon consider the KO Labyrinth mathematically using graph theory,
we begin by reminding the reader of some necessary definitions.

Definition 1.1. A graph G = (V,E) consists of a finite set V of points, or
vertices together with a set E of edges joining different pairs of distinct vertices.
We will use the notation (a, b) to denote that there is an edge between vertex a and
vertex b. These two vertices are said to be incident to that edge, or, equivalently,
that edge incident to those two vertices.

Figure 2 illustrates examples of graphs:

Figure 2. Examples of Graphs

In our graphs, we say that vertices a and b are adjacent when there is an edge
(a, b). For example, in the first graph of (a) in Figure 2 above, vertices a and b are
adjacent, but in the first graph of (b), they are not.

The number of edges incident to a vertex is called the degree of a vertex. For
example, vertex f of example (d) has degree 2.
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Definition 1.2. A path P is a sequence of distinct vertices, written P = x1 −
x2 − ...− xn, where each pair of consecutive vertices in P is joined by an edge. If in
addition, there is an edge (xn, x1), the sequence is called a circuit.

For example, in the second graph of example (c) in Figure 2, we have a circuit
1− 2− 3− 4− 7− 6− 5− 1.

We now introduce some special kinds of graphs.

Definition 1.3. A graph with n vertices in which each vertex is adjacent to all
the other vertices is called a complete graph on n vertices, denoted Kn.

Definition 1.4. A bipartite graph is a graph whose vertices can be partitioned
into two sets V1 and V2 and every edge joins a vertex in V1 with a vertex in V2.

Definition 1.5. A complete bipartite graph, denoted Kn,m, is a graph that
contains a set of n vertices and a set of m vertices where each vertex in one set is
adjacent to all vertices in the other set.

Figure 3 illustrates an example of a complete graph and a complete bipartite
graph.

Figure 3. Complete Graphs

Graph (a) is a K5 configuration and graph (b) is a K3,3 configuration.

Definition 1.6. A tree is a connected graph with no circuits. The root of a
tree is a designated vertex such that there is a unique path from the root to any other
vertex in the tree.

Figure 4 is an example of a tree, with the top vertex as its root. Graphs that
represent single-elimination tournament brackets are also examples of trees.
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Figure 4. A tree

Definition 1.7. Two graphs G and G′ are called isomorphic if there exists a
one-to-one correspondence between the vertices in G and the vertices in G′ such that
a pair of vertices are adjacent in G if and only if the corresponding pair of vertices
are adjacent in G′.

Definition 1.8. A subgraph H of a graph G is a graph formed by a subset of
vertices and edges of G.

If two graphs are isomorphic, then subgraphs formed by corresponding vertices
and edges must be isomorphic.

As an example, we will consider the graphs in Figure 2 on page 3 and determine
which are isomorphic. We see that the two graphs of (a) are isomorphic to each
other and the two graphs of (d) are isomorphic also. The two graphs of (b) and (c)
are not isomorphic to each other. The isomorphism in (a) is given by a − 3, b −
4, c − 7, d − 1, e − 6, f − 8, g − 2, h − 5, i − 9. The isomorphism in (d) is given by
a − 7, b − 3, c − 5, d − 4, e − 1, f − 2, g − 6. The graphs of (b) cannot be isomorphic
because the right graph has one more edge. The graphs of (c) cannot be isomorphic
either because the subgraphs of vertices of degree 3 do not match.

In the next chapter, we proceed by creating a graph of the KO Labyrinth.



CHAPTER 2

Graph Theory and the KO Labyrinth

We are now ready to use some of the graph theory we have learned to explore our
puzzle, the KO Labyrinth. We begin by creating a graph associated to the puzzle.
Each of the 26 chambers of the maze represents one vertex in our set V of vertices.
There is an edge between two vertices if there exists an alignment of their colored
holes so that the ball can pass between the chambers. The graph appears below in
Figure 1.

Figure 1. KO Graph

It might seem that we have not done much math yet, but already the puzzle seems
much less complicated and confusing. Certainly, a beginner can use the information
in the graph to find their way through the labyrinth. For example, we could use the

6
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path C1−B9− C2−B1−A2−B3−A4−B4−A7−B6− C5−B12− C6 to go
through the maze. Or, perhaps if we found ourselves stuck in chamber C4 as we are
working through the maze, we could look at the above graph and see that our next
step could be to go to B11, B10, B5, B2, B3, or B4. Each of these chambers will
align correctly with chamber C4 so that the ball can pass to that chamber, but, we
could not go to chamber A7, for example. Then, we can find a path out of the maze,
for example, using C4−B5− A8−B6− C5−B12− C6.

2.1. Properties of the Graph

Here we consider various properties of the graph.

2.1.1. Connectivity: It is easy to see that the graph is connected, that is,
that there is a path between every pair of vertices.1 One way to test for connectivity
is by using an algorithm to create a spanning tree of our graph.

Definition 2.1. A spanning tree of a graph G is a subgraph of G that is a tree
containing all vertices of G. 2

In order to create a spanning tree, we use either a depth-first or breadth-first search.
We will use a breadth-first search. 3 To build a breadth-first spanning tree, we pick
some vertex as the root and put all edges leaving that vertex, along with the vertices
at the end of those edges, in the tree. In our case, we choose the starting vertex,
C1, as our root. Then, we successively add to the tree those edges incident to the
vertices just added from the root vertex. We continue in this fashion level by level. If
all vertices are reached in the search and a spanning tree is created, then the original
graph is connected.

Figure 2 shows the spanning tree for the graph of the KO Labyrinth.

1see Definition 1.2 of a path
2See Definition 1.6 of a tree and 1.8 of a subgraph
3See Appendix 7.2 for explanation of a depth-first search
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Figure 2. Spanning tree using a breadth-first search

We can clearly see that the definition of connected is satisfied with this subgraph.
Surely we can see paths between any two vertices. For example, to get from A7 to
A5, we use the path A7 − B5 − C3 − B4 − A5. Certainly adding the missing edges
to the graph does not break the paths we found in the spanning tree, and therefore
does not disconnect the graph.

Recall also that connectivity of a graph is preserved by isomorphisms.4 Certainly,
if there is a path between each pair of vertices in a graph G, and G is isomorphic to
G′, then our one-to-one correspondence between vertices in G and G′ preserves the
paths between pairs of vertices in G′. This is important for our purposes because we

4See Definition 1.7
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will consider other versions of the graph of the KO Labyrinth that are isomorphic to
the graph we have already seen in Figure 1.

We will return to the subject of connectivity in Section 3.5 after we have explored
and understood the graph more deeply.

2.1.2. Graph v. Multigraph: It turns out that our graph is actually a multi-
graph, that is, a graph that allows (1) two or more edges to join the same two vertices
and (2) loops, or edges of the form (a, a). We have a multigraph for the KO Labyrinth
because there are two options for how to move from chamber C5 to chamber B12.
As mentioned in Section 1.2.2,5 each chamber has one or two colored walls. In order
to move the balls from one chamber to another, we must match up and align walls of
the same color. In the case of C5 and B12, the blue walls match and the purple walls
match; therefore, there are two ways to move between those chambers and therefore
two edges between the corresponding vertices. These options are identical in terms of
solving the puzzle– it does not matter whether we choose the blue or purple colored
walls to move between the chambers. Thus, we choose to simply use one of these
options, thereby eliminating the multiple edge. We do this because many of the algo-
rithms and theorems we will use in this paper only hold for graphs, not multigraphs.
Since it takes away nothing from the graph to eliminate the multiple edge, we do it
in order to use these theorems.

2.1.3. Planarity: Our graph is nonplanar, that is, it cannot be drawn on a
plane without edges crossing. We will use Kuratowski’s theorem to prove this.

Theorem 2.1. (Kuratowski, 1930) A graph is planar if and only if it does not
contain a subgraph that is a K5 or K3,3 configuration.

To get a sketch of the proof of Kuratowski’s theorem, we would have to prove
that the K3,3 and K5 graphs are nonplanar, since the theorem depends on that fact.6

While we will not prove the K5 case, we will prove that the K3,3 graph is nonplanar
since our graph contains a K3,3 subgraph, seen in Figure 2 below.

5Also, see Appendix 7.1 for a full list of each chamber, the colors of each wall of that chamber,
and the degree of its corresponding vertex

6See Figure 3 in Chapter 1 for a picture of the K3,3 and K5 graphs
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Figure 3. K3,3 configuration

To prove the nonplanarity of the K3,3 graph, we use the circle-chord method.
We find a circuit that contains all the vertices of our graph and draw this circuit as
a large circle. The remaining noncircuit edges, which we call chords, must be drawn
either inside the circle or outside the circle in a planar drawing. As we draw the
chords, they will force other chords to be drawn either inside or outside the circle. If
we come to a point where a chord cannot be drawn inside or outside the circle, we
know the graph is nonplanar.

Theorem 2.2. The graph K3,3 is nonplanar.

Proof. Recall that the K3,3 graph is a complete bipartite graph consisting of two
sets of 3 vertices where each vertex in one set is adjacent to all vertices in the other
set:

Figure 4. K3,3 is nonplanar

We apply the circle-chord method to form a circuit containing all six vertices. We
choose the circuit 1− 4− 2− 5− 3− 6− 1. Three edges must be added, (1, 5), (2, 6),
and (3, 4), since these are the only remaining non-circuit edges of the graph.
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Since it does not matter whether we draw the first chord inside or outside the
circle, we draw (1, 5) on the inside. This forces the chord (2, 6) to be drawn outside
the circuit.

Last, we must draw (3, 4), but if it is drawn outside the circuit, it will cross chord
(2, 6). If we drawn it inside, it will cross chord (1, 5).

Thus K3,3 cannot be drawn with a planar depiction and hence is nonplanar. �

Now that we have proven that K3,3 is nonplanar, we breifly sketch the rest of
the proof of Kuratowski’s theorem. The proof would show that given a K3,3 or K5

subgraph in a graph G, adding back any other missing edges or vertices of G to the
subgraph would continue to be problematic. Simply adding edges or vertices to an
already nonplanar graph will result in another nonplanar graph.

Thus, because we have a K3,3 subgraph in the graph of the KO Labyrinth, our
graph is nonplanar.
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2.1.4. Isomorphisms. Now, we consider isomorphisms to the graph of the KO
Labyrinth in Figure 1.7 Redrawing the graph with another depiction helps reveal
some other properties that might not have been apparent before. A natural way to
redraw this graph is based on the labeling of the chambers mentioned in Section 1.2.2.
As we saw previously, there are A, B, and C chambers, and each type of chamber
only connects to certain other types. So, we notice that we can redraw the graph as
a tripartite graph. We have already discussed bipartite graphs, so analogously, a
tripartite graph is partitioned into three subsets of vertices. The tripartite graph of
the KO Labyrinth appears below:

Figure 5. Tripartite Graph

7See Definition 1.7 of an isomorphism
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While this representation of the graph of the puzzle will prove helpful for math-
ematical analysis, we note that it might not serve as a helpful means to navigate
through the puzzle. However, the tripartite graph of the KO Labyrinth reveals repe-
tition in the puzzle that we might find interesting. So, we offer a new definition.

Definition 2.2. A chamber a is a twin chamber of another chamber b if:

(1) both a and b are adjacent to the same chambers, and
(2) A chamber a is adjacent to another chamber c using a color m if and only if

chamber b is also adjacent to chamber c using color m.

In essence, twin chambers have access to the same other chambers by the same
colored routes through the maze.

Note that there are several sets of twin chambers: {A1, A2}, {A3, A4}, {A5, A6},
{A7, A8}, {B2, B3}, {B7, B8}, and {B10, B11}. See Appendix 7.1 for details on
each chamber.

We will see later that recognizing the twin chambers will be important when
answering a traveling-salesman type problem in Chapter 5. For now, we continue
with the graph theoretic material in the next chapter by searching for a shortest path
through the maze.



CHAPTER 3

Shortest Path: Dijkstra’s Algorithm

3.1. The Question

Now, we will ask a question that would interest the most competitive game-
players out there: What is the fastest (shortest) path through the labyrinth? In order
to answer this question, we will first introduce a new definition:

Definition 3.1. A weighted graph or network is a graph with a positive
integer k(e) assigned to each edge e. This integer represents the “weight” or “cost”
or “length” of that edge.

Weighted graphs are useful in representing many realistic situations. For example,
consider a graph of cities as vertices and routes between cities as edges. Each edge
is assigned a number representing the time it takes to travel between the two cities.
Or, we could consider another example, shown below.

Figure 1. Example of a weighted graph

Vertices in our graph represent major U.S. airports and the weights of the edges
represent distance in miles. We see, for example, that there is 1258 miles between
BOS and MIA. We see that there are many possible paths between JFK and LAX,
which leads us again to our beginning question. How do we find the shortest path?

We use Dijkstra’s Algorithm to answer this question. Edsger W. Dijkstra (May
11, 1930 - August 6, 2002) was a Dutch computer scientist whose contributions in

14
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the early years of programming helped develop structured control constructs, such
as the while loop. While he was mostly interested in computer science, his work in
developing algorithms and proofs of programs contributed much to mathematics as
well. Dijkstra worked against the prevailing opinion of his time that one should first
write a correct program and then mathematically prove its correctness. Rather, he
believed in working for mathematically correct programs by construction, creating
the program and proof at the same time.

Dijkstra developed the algorithm that bears his name in 1959 as a graph search
algorithm that finds the shortest path for a weighted graph by producing a shortest
path tree. We are now ready to explore the algorithm.

3.2. The Algorithm

We are now ready to explain Dijkstra’s Algorithm. Let k(e) denote the length of
edge e. Let the variable m be a “distance counter.” This variable will help us keep
track of the minimum distance between vertices in each step of the algorithm. We
choose a starting vertex a. As we increment m by one, our algorithm will produce
labels for each vertex of the graph. The label for a vertex y will be an ordered pair
[r, d(y)] where r is a vertex adjacent to y and d(y) is the minimum length from starting
vertex a to y.

Dijkstra’s Algorithm:

1) Choose a starting vertex a. Set m = 0
2) Label vertex a with [−, 0] (the “− represents a blank) and set m = 1.
3) Let p be a labeled vertex and q be an unlabeled vertex. Suppose p′s labels are

[r, d(p)]. Consider the weight k(e) from each edge e = (p, q). If d(p) +k(e) =
m, then d(q) = m and label q with [p,m].

4) If all vertices are not yet labeled, increment m by 1 and go to Step 3. Oth-
erwise, go to Step 5.

5) For any vertex y, a shortest path from a to y has length d(y), the second
label of y. Such a path may be found by backtracking from y using the first
labels.

Proof. We use an inductive argument to show that Dijkstra’s algorithm produces
the length of the shortest path between two vertices a and x. The inductive hypothesis
will be the following assertion: Whenm = c, a vertex p that is labeled is in fact labeled
with the length of the shortest path from the starting vertex a to that vertex p.

When m = 0 and the only vertex labeled is a, certainly the length of the shortest
path from a to itself is 0. Therefore, the base case is true.

Assume that the inductive hypothesis holds when m = c, some positive integer.
This means that all labeled vertices are labeled with the shortest paths from a. We
increment m by one, so m = c + 1. Let q be a vertex labeled when m = c + 1 with
label [r, c+ 1]. This means that m = c+ 1 = k(e) + d(p), where p is a labeled vertex
and k(e) is the weight of the edge e = (p, q). If q could be labeled with a value less
than c+ 1, then we contradict our inductive hypothesis since certainly q would have
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been labeled already when m = c. If q can be labeled with a value larger than c+ 1,
then either (1) c+ 1 6= k(e) + d(p), a contradiction, or (2) q is already labeled at the
step when m = c + 1 and we would not replace this smaller label for the larger one.
Therefore, q must be labeled with the shortest path from it to a.

Thus, once all vertices are labeled, we have found the shortest paths from all
vertices to a �

Example 3.1. We consider a simple example on which to demonstrate Dijkstra’s
Algorithm. Consider the graph below. We choose our starting vertex a, and we wish
to label all other vertices.

Figure 2. Weighted Graph

We start with m = 1 and label a with [−, 0]. Now, we consider edges incident
to a to unlabeled vertices. For this example, we only have one edge, e = (a, b) with
k(e) = 1. Since 0 + 1 = m = 1, we label b with [a, 1]. Since all vertices are not
yet labeled, we return to step 3. We consider edges ec = (b, c) and ed = (b, d) with
k(ec) = 3 and k(ed) = 2. However, we notice that we are unable to label either vertex
without first incrementing m. This is because with m = 1, we have 1 + 3 = 4 6= 1
and 1 + 2 = 3 6= 1, recalling that the one is the minimum distance to b and the three
and two are the weight, respectively, of the edges ec = (b, c) and ed = (b, d). So, we
increment m by one and proceed, returning again to step 3. Now m = 2, but we still
cannot label a vertex. Similar to what we had above, now we have 1 + 3 = 4 6= 2
and 1 + 2 = 3 6= 2. So we increment m by one again and now m = 3. Since
d(b) + k(ed) = 1 + 2 = 3 = m, we label vertex d with [b, 3].

Figure 3. Graph with some labels
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We still cannot label vertex c, so we increment m again so that m = 4. Since
d(b) + k(ec) = 1 + 3 = 4 = m, we label vertex c with [b, 4].

Now we consider edges (c, e) and (d, e) of weights two and four, respectively. Since
4 + 2 = 6 6= 4 and 3 + 4 = 7 6= 4, we cannot label the vertex e. So, we increment so
that m = 5. Again, we cannot label the last vertex, so we increment again so that
m = 6. We label vertex e with [c, 6] since 4 + 2 = 6 = m. Now that all vertices are
labeled, we have completed the algorithm and we have obtained the following labeled
graph:

Figure 4. Graph with all labels

Recall the example on page 14 of the network representing distances between
major airports in the U.S. We saw that there are many paths between airports JFK
and LAX. Now that we understand Dijkstra’s Algorithm, we can use this algorithm
on that graph. We leave it up to the reader to verify that the shortest path between
JFK and LAX is 2,777 (miles) using the path JFK - ORD - DFW - LAX.

3.3. Applying Dijkstra’s Algortithm to the KO Graph

We now apply Dijkstra’s Algorithm to the graph of the KO Labyrinth. We set each
edge weight k(e) = 1 because, for our purposes, the cost of moving from one chamber
to any of its adjacent chambers is equal. For example, chamber A1 is adjacent to
chambers B1, B2, and B3. The “length” or “distance” or “cost” in moving from A1
to any of these three options is the same for our puzzle, so the weight of those edges
are equal. We choose chamber C6 as our starting vertex, which is the end of the
puzzle. This is because we want to know how far we are from the end of the maze
at any other chamber in the maze. After going through the algorithm, we obtain the
following labels for our graph, shown below:
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Figure 5. Graph of the KO Labyrinth with labels

Since the second entry in the label on vertex C1 is 10, this means the shortest
path from C1 to C6 takes 10 moves. Recall that by a “move” we mean to travel from
one chamber to the next, not the many rotations and twists the puzzle requires to
align the chambers.

Then, we immediately notice that because in our puzzle every edge has the same
weight, there are actually several 10-move paths through the maze. Because, for
example, we see that there are three different choices in the label on chamber B1 for
our next move, we know there is not just one shortest path through the maze. Our
next question, then, is to count the number of 10-move paths.

3.4. Counting the 10-move paths

To count the number of shortest 10-move paths, we will look at a subgraph of the
original KO Labyrinth graph.1 We look at only the vertices and edges relevant to the
shortest paths to make it easier to count how many paths there are. The vertices and

1See Definition 1.8 of a subgraph



3.4. COUNTING THE 10-MOVE PATHS 19

edges we include are based on the labels given by Dijkstra’s Algorithm. Here is the
subgraph we will consider:

Figure 6. Subgraph of the 10-move paths

Certainly, we see that there is only one path from C1 to B1 and from B6 to C6.
We therefore can start by looking at B1 and end at B6.

Consider first the paths going from B1 to C3. From C3, we can choose to move
to either B4 or B5. From B4, we can choose either A7 or A8 to get to B6; similarly,
from B5, we can choose either A7 or A8 to get to B6. Therefore, the two choices of
either B4 or B5 times the two choices of either A7 or A8 gives us 2 × 2 = 4 paths
starting from C3.

Consider next the paths going from B1 to A3. We must move from Chamber A3
to chamber B4, and then we have a choice between A7 or A8 to get to B6. That
means there are 2 more paths via A3.

Consider last the paths going from B1 to A4. Similar to chamber A3, we must
next move to chamber B4 and then we have a choice between A7 and A8. That gives
us 2 more paths via A4.

Thus, we have 4+2+2 = 8 total shortest 10-move paths. We list the paths below:

{C1−B9− C2−B1− C3−B5− A7−B6− C5−B12− C6}
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{C1−B9− C2−B1− C3−B5− A8−B6− C5−B12− C6}
{C1−B9− C2−B1− C3−B4− A8−B6− C5−B12− C6}
{C1−B9− C2−B1− C3−B4− A7−B6− C5−B12− C6}
{C1−B9− C2−B1− A3−B4− A8−B6− C5−B12− C6}
{C1−B9− C2−B1− A3−B4− A7−B6− C5−B12− C6}
{C1−B9− C2−B1− A4−B4− A8−B6− C5−B12− C6}
{C1−B9− C2−B1− A4−B4− A7−B6− C5−B12− C6}

If we look carefully, we notice that a couple of our twin chambers are involved
in our shortest 10-move paths. Chambers {A3, A4} and {A7, A8} are pairs of twins.
Recall that twin chambers are adjacent to the same set of chambers.2 In fact, this
creates repetition in our puzzle, and we see that here as we counted the 10-move paths.
Certainly, removing one twin of the {A7, A8} pair removes half of our 10-move paths.
But, if we were to eliminate one twin of each pairs, we still are not reduced to one
10-move path. Choose one twin of each pair to eliminate, say A4 and A8. Looking
at the list above, we see that paths {C1 − B9 − C2 − B1 − C3 − B5 − A7 − B6 −
C5−B12−C6}, {C1−B9−C2−B1−C3−B4−A7−B6−C5−B12−C6}, and
{C1−B9−C2−B1−A3−B4−A7−B6−C5−B12−C6} do not require chambers
A4 or A8. That still leaves us three 10-move paths. We can even eliminate an entire
set of twins, {A3, A4}, and have four 10-move paths left. Certainly, though, if we
eliminate the pair {A7, A8}, we would no longer have any 10-move paths. Actually,
eliminating both A7 and A8 disconnects the graph, so the puzzle would have no
solution at all.

We have successfully answered the question of this chapter, but our last analysis
leads us back to a question about connectivity, which we explored in Section 2.1.1. We
will now address a question about the connectivity of our graph based on information
we have discovered in this chapter.

3.5. Connectivity

We now ask the following question: Which key chambers or groups of chambers
can we eliminate from our puzzle and disconnect the graph?

We start off by pointing out obvious single-elimination examples. Review the
graph of the KO Labyrinth:

2See Definition 2.2 of a twin chamber
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Figure 7. KO Graph

We see, again, that there is a single path from the beginning of our puzzle at
chamber C1 to chamber B1. Also, there is a single path from chamber B6 to the
end, chamber C6. Therefore, eliminating any one of these chambers will disconnect
the graph, with the exception of the starting chamber C1 and ending chamber C6.
That is, eliminating one single chamber of chambers B9, C2, B1, B6, C5, and B12
will disconnect the graph.

The “middle” section of our graph proves more complicated. Therefore, we look
at another version of the graph isomorphic to Figure 7. This graph is organized as
follows: There are eleven “levels” of the graph, labeled 0−10. The levels are based on
our results from Dijkstra’s algorithm. This means that if the ball is in a chamber in
level x, then there are x more moves to make in order to exit the maze. For example,
chamber B4 in level 5 has a shortest path of 5 more moves to the end of the maze.

The graph is given below:
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Figure 8. The Graph based on Dijkstra’s Algorithm

This graph allows us to recognize key groups of chambers whose elimination would
disconnect the graph. We follow a simple rule to determine these groups.

Rule: For each level i, we eliminate all chambers in level i that are also adjacent
to any chamber in level i+ 1 in order to disconnect the graph.

This rule depends on the fact that whatever way we choose to move through the
puzzle, we must visit each level at least once. If we eliminate all means by which
to move from a specific level to the next, we disconnect the graph. For example,
eliminating chambers B4 and B5 disconnects the graph (note that this is not easy to
see in Figure 7). Level 7 and level 0 are the only exceptions to the rule. Eliminating
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chamber C6, our end chamber, does not disconnect the graph, as already mentioned.
On level 7, only chamber B1 needs to be eliminated. This is because chambers B2
and B3 are only adjacent to chambers A1 and A2 in the level 8. Chambers A1 and
A2 are only adjacent to chamber B1 in addition to B2 and B3. Thus, we only need
to eliminate chamber B1.

The following list indicates groups of chambers that will disconnect the graph
when eliminated together:

{B9}, {C2}, {B1}, {A3, A4, C3, C4}, {B4, B5}, {A7, A8}, {B6}, {C5}, {B12}
This list is not meant to be exhaustive by any means. Rather, it is to point out

key chambers whose elimination would disconnect the graph and leave our puzzle
without a solution. Certainly, it means that at least one chamber of each set must be
visited to successfully maneuver through the maze. Thus, these sets not only point
out key chambers that would disconnect the graph, but also key chambers to be used
in any solution of the maze.

In the next chapter, we shift away from the graph-theoretic material and move
towards an interesting question answered through computer programming and prob-
ability and statistics.



CHAPTER 4

Child’s Problem

Before we can consider the question of this chapter, we remind the reader of some
useful definitions from probability and statistics.

4.1. Review of Probability and Statistics

We remind the reader of three basic definitions.

Definition 4.1. The expected value, E(X) or mean µ of a discrete random
variable X with sample space S and distribution function p(x) is defined by

E(X) =
∑
x∈S

xp(x)

Example 4.1. Let an experiment consist of tossing a fair coin three times. Let X
denote the number of heads which appear. Then the possible values of X are 0, 1, 2,
and 3. The probabilities are 1/8, 3/8, 3/8, and 1/8 respectively. Thus, the expected
value of X is

0 ∗ (1/8) + 1 ∗ (3/8) + 2 ∗ (3/8) + 3 ∗ (1/8) = 3/2

Definition 4.2. The variance V ar(X), or σ2 of a random variable X with
expected value µ = E(X) is given by

V ar(X) = E((X − µ)2)

The standard deviation σ of a random variable X with variance V ar(X) is simply

σ =
√
V ar(X).

We will now prove a theorem that gives us a useful alternative form for computing
the variance.

Theorem 4.1. If X is any random variable with E(X) = µ, then V ar(X) =
E(X2)− µ2.

Proof. We have,
V ar(X) = E((X − µ)2) = E(X2 − 2µX + µ2)

= E(X2)− 2µE(X) + µ2 = E(X2)− µ2 �

This theorem will be useful when we compute the variance in the program at the
end of this chapter.

24
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4.2. The Question

We are now ready to ask a natural question for the less competitive puzzle-players
who just pick up and try out the puzzle: If we were to randomly go through the maze,
allowing backtracking to chambers already visited, on average how long (i.e. how many
moves) would it take to reach the end?

In our question, we understand a move to consist of actually passing the KO ball
from one chamber to the next, which may require any number of rotations, twists,
and turns to successfully execute. We call this the Child’s Problem, because this
is how a child, or perhaps most people, would start exploring the puzzle. Most of
us just begin playing without any strategic plan, moving to whatever chambers we
can somewhat randomly. We still try to reach the end, but sometimes perhaps we
need to backtrack or we get lost. To solve the Child’s Problem, we will use computer
programming to simulate movement through the maze, and take an average of many
trial runs.

4.3. Limitations

Before we explore the algorithm to solve the Child’s Problem, we name the limita-
tions of our approach. Our biggest limitation is that our algorithm will not simulate
any human intelligence. For example, our algorithm will allow a player to get stuck
going back and forth between the same two chambers, or perhaps around the same
three chambers. This would add many moves to our count and take much longer
to finish the puzzle. Ideally, though, a human being would not choose such moves,
unless they wanted to backtrack and try another path through the maze.

Furthermore, as our graph of the KO Labyrinth in Figure 1 of Chapter 2 shows,
there is only one path from the starting chamber C1 to chamber B1, and there is
only one path at the end of the maze from chamber B6 to the exit chamber C6.
Therefore, one way to produce more realistic results is to run our algorithm only on
the “middle” of the maze, counting the number of moves starting at chamber B1
and ending at B6. We then assume that the smart player will find her way correctly
through the single path at the beginning and end of the maze.

We will now explore the algorithm to solve the Child’s Problem. For the javascript
code, see Appendix 7.4.

4.4. The Child’s Algorithm

To understand the Child’s algorithm, we begin with a definition:

Definition 4.3. An adjacency matrix of a graph is a (0, 1)-matrix with a 1 in
entry (i, j) if vertex xi and vertex xj are adjacent and a 0 otherwise.

The adjacency matrix for the graph of the KO Labyrinth is a 26× 26 matrix and
appears in Appendix 7.3. Again, if there is a 1 in entry (i, j) this means that we can
pass the KO balls through chamber i to chamber j. We use this information in our
algorithm, which we are now ready to explain.
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Child’s Algorithm:

1) Begin in chamber C1, which corresponds to row i = 20 in our adjacency
matrix. Set a counter variable c = 0.

2) Randomly generate an integer from 0 to 25 to choose another chamber for
your column j of the adjacency matrix. This is the chamber to which we will
try to move.

3) If the entry of (i, j) is zero, then this means that chamber i and chamber j
are not adjacent, so we cannot move from chambers i to j. So, we repeat step
2) and randomly generate another integer for j from 0 to 25. If the entry
of (i, j) is one, then this means we can move from chamber i to chamber j,
so we do so. Then we let j be the new i and we increment the counter c by
one. In less formal language, if the holes in the respective chambers line up
properly so that the ball may pass through to the next chamber, make that
move.

4) Repeat step 2) and 3) until you reach chamber C6, which is i = 25, the end
of the maze.

5) Repeat the entire simulation at least 10,000 times and take the average.

4.5. Outcome

Counting the number of moves in each trial run and taking the average of 10, 000
trials, we get a result of about 340 moves. This means that a player moving randomly
through the maze will move the ball between different chambers 340 times before
finding the end of the maze. Even with 10, 000 trials, we note that this number
is just an estimate. Our simulation will give an average of anywhere from 330-350
moves. There is huge variance in each trial as well, where the lowest of just one run
through the maze takes only 16 moves, and the highest takes more than 2, 000 moves.
The calculated variance σ2 is around 100, 000 (±1, 000, for this number is not exact
either) and the standard deviation σ is about 317.

These results are significantly large and show, as expected, moving completely
randomly through our maze is not the best way to reach the end. Recall that in
Chapter 3, we found that the shortest path through the maze is 10 moves, which is
significantly smaller than the estimated average of 340 moves.

Recall again the improvement mentioned in Section 4.3. Instead of beginning at
chamber C1 and ending at chamber C6, we begin at chamber B1 and end at chamber
B6 for a more realistic result. When altering the program to take this improvement
into account, we find that it takes on average 64 or 65 moves to go from B1 to B6
with variance σ2 at about 3, 500 and standard deviation σ at about 58. We then add
the 6 moves C1 to B1 and B6 to C6 at the beginning and end of the maze that we
assumed the smart player could navigate through without a problem. Adding these 6
extra moves, we have an average of 70 or 71 moves. This is obviously significantly
lower than the average of 340 we obtained above. Still, this is significantly larger
than the shortest path of 10 moves.
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Now that we have analyzed the puzzle through programming and statistics, we
move back to some graph theoretic material in the next chapter. We consider a
question related to a famous optimization problem: the Traveling Salesman Problem.



CHAPTER 5

Traveling Salesman Problem

We now ask a version of the traveling salesman question for our graph, but first,
a definition.

Definition 5.1. A Hamilton circuit is a circuit that visits each vertex in a
graph exactly once.

The traveling salesperson problem is a classic question that was first formulated
in combinatorial optimization in 1930. While first treated mathematically, the prob-
lem has been of great interest to computer scientists as well. It has many practical
applications in planning and logistics and can be adapted for other uses, such as in
DNA sequencing.

The problem is the following: Given a list of cities to visit and their pairwise
distances, a salesman wishes to find the shortest possible route to visit each city
exactly once and return home. To do so, he seeks a minimal-cost Hamilton circuit
in a complete graph with weighted edges. Vertices in the graph represent cities and
weighted edges represent the distance or cost of traveling between the cities. The
graph is complete because we are able to travel from one city to any other city.

It turns out that we cannot actually pose the traveling salesman question for the
graph of our puzzle for the following reasons:

1) The KO graph is not a complete graph.
2) We are not looking for a circuit (we do not return home).
3) We can see very easily when examining chambers A5 and A6 that the problem

fails.

We show our graph again in Figure 1 on the next page to illustrate reason 3). Since
chambers A5 and A6 both have degree 1 and are incident to chamber B4, certainly,
we can see that visiting both chambers A5 and A6 would require us to visit chamber
B4 more than once.

5.1. A Related Question

Since we cannot ask exactly the traveling salesman question, we instead ask a
similar question.

Instead of seeking a minimal-cost Hamilton circuit through a complete graph, we
want to see if we can find a Hamilton path, that is, a path that visits each vertex
exactly once. We know, though, because of chambers A5 and A6 that we cannot visit
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Figure 1. Graph of the KO Labyrinth

every chamber exactly once. Therefore we modify the question: What is the least
number of vertices we must remove so that we can have a Hamilton path through our
graph? As we will now see, the answer is 5.

5.2. Hamilton Paths

First of all, finding a Hamilton path is an NP-complete problem. This means
it can model the satisfiability problem and can be modeled by it. The satisfiability
problem asks whether a logical proposition in n variables is valid. There is no fast al-
gorithm known for evaluating a logical expression for all possible 2n values of true and
false for each variable. Most people believe that a faster, polynomial algorithm will
never be found for an NP-complete problem. Other NP-complete problems include
graph colorability and finding the size of the largest complete subgraph. It is un-
known if determining whether two graphs are isomorphic is an NP-complete problem
or not.

While finding a Hamilton path is a difficult problem to consider, we do have some
basic rules that we know for finding such a path (or showing that one does not exist).
The following three rules will be useful in our search. The underlying idea off which
these rules are based is that any Hamilton circuit must contain exactly two edges
incident to each vertex.

1. If a vertex x has degree 2, both of the edges incident to x must be part of
any Hamilton circuit.

2. No proper subcircuit, that is, a circuit not containing all vertices, can be
formed when building a Hamilton circuit.
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3. Once the Hamilton circuit is required to use two edges at a vertex x, other
(unused) edges incident at x must be removed from consideration.

We will see that rule 1 is particularly useful to us as we search for a Hamilton
path through the graph of our maze.

5.3. Using Mathematica

We will use Mathematica to help us determine which vertices we must eliminate in
order to have a Hamilton path. In particular, we will use the FindShortestTour com-
mand. This command in Mathematica actually solves the traveling salesman problem
on complete weighted graphs. So, we will adjust the code to “trick” Mathematica
into answering our question.

We will make the following adjustments:

1) We first need a weighted graph, so we must set weights for our edges. Since
the traveling salesman problem considers a complete graph, then we must
assign weights to our graph as if it were complete. We cannot force the
FindShortestTour command to use only the edges on our graph. Instead, we
make it significantly costly to travel between vertices that are not adjacent
so that Mathematica will not want to do so. So, if there is an edge between
two vertices, the weight is equal to 1. If there is not an edge, set the weight
to a high number, say 1,000.

The way we input this information into Mathematica relates to an ad-
jacency matrix for the graph.1 Recall that there is a 1 in the (i, j) entry of
the matrix if vertices i and j are adjacent and a 0 otherwise. In essence,
we take our adjacency matrix filled with 1’s and 0’s and change the zeros to
1,000. We input each (i, j) entry into an array, which becomes our matrix of
“distances.”

2) We know that the salesman at the end of the problem returns home. That
is, the FindShortestTour command will create a circuit rather than a path
through our vertices. Therefore, we want to force C1 and C6 to connect so
that the program will create a circuit that we can recognize as a path starting
at chamber C1 and ending at C6. Therefore, we set the weight between those
two vertices to 0 so that the program will always choose that move.

Now, running the program several times reveals four problematic sections of our
graph.

1See Definition 4.3 and the adjacency matrix in Appendix 7.3
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Figure 2. Graph of the KO Labyrinth

The first problematic portion of our graph is, as we have already said, chambers
A5 and A6. We cannot have these two vertices of degree 1 and visit chamber B4
only once. Therefore, we are forced to get rid of these two vertices. This means we
already must throw out two vertices to possibly have a path that visits every vertex
exactly once.

The second and third problematic sections of our graph are around chambers B10
and B11 as well as B7 and B8. We remind the reader that these chambers are pairs of
twins, so they are adjacent to the same vertices as their twin. Each of these vertices
have degree 2. However, recall that rule 1 of Hamilton circuits requires that both
edges of a vertex with degree 2 must be used in the Hamilton circuit. This would
imply, then, that both edges incident to B7, edges (A7, B7) and (A8, B7) must be
part of the circuit. Also, both edges incident to B8, edges, (A7, B8) and (A8, B7),
must be part of the circuit. This is not possible, because it would require us to visit
chambers A7 and A8 more than once. Thus, we must toss out one of these chambers,
say B8. The same scenario occurs with B10 and B11. We cannot visit both chambers
without visiting chambers C3 and C4 more than once. So, we must toss out another
chamber, say B11. This now leaves us with a total of four chamber that we must
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remove in order to find a path through the KO Graph that visits each vertex exactly
once.

The fourth and last problematic section of our graph involves chambers A1 and
A2. This issue is difficult to see when considering the full graph. Therefore, we
will focus our attention on a subgraph containing these two vertices to illustrate the
difficulty.

Figure 3. Subgraph of the KO Labyrinth

We run our manipulated Mathematica code without the four problematic cham-
bers we have already eliminated. Although chambers A1 and A2 have degree 3 in the
original graph, in our subgraph we notice that those two chambers only have degree
2. This is because the path suggested by Mathematica with our FindShortestTour
command has us move from chamber B1 to chamber A4 to create the least costly
path through the maze. By rule 3, we see that all other edges incident to B1 must
be removed from consideration. That means the edges (B1, A1) and (B1, A2) are
disregarded. This leaves chambers A1 and A2 with degree two. Then, as we have
seen, by rule 1, both the edges of those chambers must be a part of our path. This
would require us, though, to visit chambers B2 and B3 more than once. Therefore,
one chamber, say A2, must be tossed out.

Now that we have been forced to toss out 5 chambers, we can create a Hamilton
path.

Notice first, however, that all of the chambers that caused problematic sections
of our graph were actually twins of each other. With the exception of chambers A5
and A6 where we were forced to remove both chambers, removing one twin from the
pair allowed us to solve the problem. It is interesting to notice that the redundancy
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inherent in the graph is what caused the problems and removing some of that redun-
dancy was enough to create a desirable scenario. So, our Hamilton path, which does
not visit the five chambers mentioned is given below:

C1-B9-C2-B1-A4-B4-A3-B2-A1-B3-C4-B10-C3-B5-A8-B7-A7-B6-C5-B12-C6.

We can, of course, switch between the different twins to create a different path.
For example, we could use chamber A2 instead of A1. Since there are three sets of
twins of which we only use one twin in our path, swapping twins in different ways
results in 23 = 8 different modified Hamilton paths that pass through all but five
chambers. Thus we have found not one, but eight related versions of a Hamilton path
that visits 21 of our 26 chambers and we have justified the elimination of the five
chambers based on our rules for Hamilton circuits.



CHAPTER 6

Conclusions

We have seen mathematics be an incredible tool for understanding, solving, and
exploring the puzzle the KO Labyrinth. We saw how simply creating a graph from
the maze helped us navigate through the maze almost immediately. We saw that
the shortest path through the maze requires 10-moves using Dijkstra’s Algorithm.
Furthermore, there are many such 10-move paths, counting 8 in total. We asked the
Child’s Problem, considering a simulation of randomly moving between the chambers.
We concluded using programming that it takes an average of 340 moves to finish the
maze if we randomly move through it. We also created an improved version of the
code that gave us an estimate of 74 moves through the maze. Still, this is significantly
higher than what we know is the shortest path: 10 moves. We then saw that it is
impossible to visit all the chambers exactly once, but with the help of Mathematica,
we determined that we can create a Hamilton path through the maze that visits 21
of the 26 chambers.

Further research on this puzzle might consider different kinds of questions. For
example, what can be said about the colors in each chamber? We know the colors
help us match holes through which we pass the ball from one chamber to the next, but
is there a reason for specific colors? Can we eliminate using certain colors all together
and still maneuver through the maze? Another question one might ask involved the
mechanics of the puzzle. While in this paper we have defined a “move” as actually
passing the KO ball from one chamber to the next, another question might consider
the rotations, twists, and turns, a number of which are required to pass the ball
between chambers, as moves. What can be said about how many rotations, twists,
and turns are needed to solve the puzzle, given a certain configuration?

While there is still much room for exploration, it is clear that using mathematics
to solve and understand puzzles is not just of great use, but great fun as well. Whether
we play competitively, casually, or even aimlessly, we are not just playing games. We
are exploring possibility in the language of mathematics.
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CHAPTER 7

Appendix

7.1. Information on the Chambers

The following is a list of each chamber, its colors, and the degree of the vertex in
the graph:

• A1, pink, pink, 3.
• A2, pink, pink, 3.
• A3, pink, yellow, 4.
• A4, pink, yellow, 4.
• A5, yellow, yellow, 1.
• A6, yellow, yellow. 1.
• A7, yellow, green, 5.
• A8, yellow, green, 5.
• B1, blue, pink, 6.
• B2, red, pink, 6.
• B3, red, pink, 6.
• B4, yellow, red, 8.
• B5, green, red, 4.
• B6, green, purple, 3.
• B7, green, gray, 2.
• B8, green, gray, 2.
• B9, orange, 2.
• B10, red, gray, 2.
• B11, red, 2.
• B12, blue, purple, 2.
• C1, orange (entrance), 1.
• C2, blue, orange, 2.
• C3, red, blue, 7.
• C4, red, 6.
• C5, blue, purple, 2.
• C6, blue (exit), 1.

7.2. Depth-first search

To use a depth-first search to find a spanning tree, rather than using the breadth-
first search we used for the KO Labyrinth, first pick some vertex x as the root and
begin to build a path from x made of edges connecting vertices of the graph. Continue
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the path until it cannot go any further without repeating a vertex already in the tree.
The vertex where the graph must stop is called a leaf. Now, backtrack to what is
called the parent of the leaf, one vertex up the tree. Try to build a path from that
vertex y in another direction. Continue to create paths, adding edges and vertices
not already in the tree and backtracking to a parent vertex when needed, until we
come back to the root and have checked all possible paths from the root.

7.3. The Adjacency Matrix

The following is the adjacency matrix of the graph of the KO Labyrinth. Recall
that a 1 in the (i, j) entry means that the ball can pass from chamber i to chamber
j, and a 0 in that entry means the ball cannot pass between the chambers. Notice
that the matrix is symmetric.



0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0


7.4. The Child’s Problem Program in Javascript

Here, we include the program we used to answer the Child’s Problem. This pro-
gram was written in javascript and executed using a browser. Before the script given
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below, the information of the adjacency matrix is programmed in as well, using the
following bit of code to create arrays in arrays.

// Create array to hold adjacency matrix D.
var D = new Array(26);
for (i = 0; i < 26; i++){

D[i]= new Array(26);
}

Then, the programmer can assign values of 0 and 1 to the matrix by brute force.
The rest of the code is shown below. Basic html script tags must be added as well
for execution in the browser.

//Our starting chamber is C1, which is the 21st chamber (minus one since we
// start at zero).
//Our ending chamber is C6, which is the 26th chamber (minus one).

var total = 0*1;
var start;
var counter;
var random;
var vtotal = 0*1;
var squared;
var trials = 10000;

//We want to do this some 10000 times and average it.
document.write(”<p>” + ”Some trials:” + ”</p>”)
for(var j = 0; j ¡ trials; j++){

start = 20*1;
counter = 0*1;
while(start != 25){

//Choose a column at random.
random = Math.floor(Math.random()*(26));
// If the start chamber and the random chamber do not
// connect, choose another.
while (D[start][random] == 0){
random = Math.floor(Math.random()*(26));
}
//Once you get a 1, continue.
start = random;
counter = counter + 1;

}
squared = counter*counter/trials;

// Print some of the trials.
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if(j % 200 == 0){
document.write(”<li>” + counter + ” , ” + squared + ”</li>”);
document.write(” ”);
}

vtotal = vtotal + squared;
total = total + counter;
}
var average = total/trials;
var variance = vtotal−(average*average);
var standard = Math.sqrt(variance);

document.write(”<p>” + ”The average is ” + average + ”</p>”);
document.write(”<p>” + ”The variance is ” + variance + ”</p>”);
document.write(”<p>” + ”The standard deviation is ” + standard + ”</p>”);

To program the alternative version of the program where we only go from chamber
B1 to chamber B6, simply change the starting value to start = 8*1 and the end value
in the while loop to start != 13. Additionally, change the adjacency matrix so that
chamber B1 is no longer connected to chamber C2 and chamber B6 is no longer
adjacent to chamber C5.
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